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Introduction
As an effective technology for noncontact 3D shape measurement, digital fringe projection profilometry (DFPP) has attracted extensive research in recent years due to many potential applications. With DFPP, a number of images with special designed patterns are employed to probe the object surface of interest, and the 3D shape of the surface can be extracted from the reflected light patterns.
In order to obtain 3D object shape information, a number of sinusoidal-pattern based techniques [1] [2] [3] [4] [5] [6] have been developed, among which phase-shifting profilometry (PSP) [4] is commonly used due to such advantages as being less sensitive to the surface reflectivity and background illumination. However, PSP usually requires extensive computation, and it also suffers from the influence of nonlinear distortion associated with projectors. Instead of sinusoidal fringe patterns, various other types of image patterns have been proposed and implemented.
For example, three images with trapezoidal fringe patterns shifted by one-third of fringe period are employed in [7, 8] , and a function called intensity ratio is formulated based on the three images. In [9, 10] a uniform bright pattern and a linear gray-level pattern are projected, and an intensity ratio map is calculated for each pixel based on these two image patterns. A linearly coded profilometry is presented in [11, 12] , which uses a saw-tooth-like light pattern to probe the object surface and then utilizes a phaseshifting technique to decode the profile. Jia et al. [13, 14] proposed a multiple-step triangular patterns phase-shifting method to profile 3D object shape. In these methods, triangular patterns are projected, based on which intensity ratio maps are obtained by calculating the normalized intensity difference between different patterns projected. The intensity ratio can be used to extract the height distribution using the triangulation principle. In [15] , it is shown that using the intensity ratio, the three-step phase-shifting algorithm can be 3.4 times faster than the traditional three-step method because arctan computation is not required. Unlike the phase calculation in PSP, these approaches obtain the 3D object shape by means of the intensity ratios, which are obtained based on the linear operation of the patterns projected. All these intensity-ratio based techniques are advantageous because of reduced computational burden, but fringe patterns are still influenced by nonlinear distortion associated with digital projection, which will then degrade the measurement accuracy. Consequently, intensity ratio-based approaches also need additional techniques to compensate the nonlinear errors [15] [16] [17] .
As an effort to eliminate the influence of the nonlinear distortion associated with digital projection, a formulation for calculating the 3D shape is proposed in [18] . The proposed technique uses the same intensity ratio as presented in [13, 14] , but the 3D shape calculation is based on the spatial shift estimation, similar to the work presented in [17] . Consequently, the approach in [18] enjoys the advantages of intensity ratio but does not suffer from the nonlinear distortion. However, there are still a number of problems associated with the proposed method in [18] . First, these methods usually require the neighborhood pixel properties to calculate the intensity ratio. Second, intensity-ratio based methods are sensitive to either surface reflectivity or background illumination.
In this paper, we propose a new formulation for the intensity ratio, which is also not sensitive to surface reflectivity and background illumination. Besides, the proposed intensity ratio is a point-to-point-based operation and hence is not influenced by the surrounding points. In addition, with the spatial shift estimation method in [18] , the 3D object measurement will not be influenced by the system nonlinear distortion.
This paper is organized as follows. In Section 2, the intensity ratio method based on multiple triangular patterns is presented. Section 3 shows experiment results for the proposed method and a comparison with the triangular-pattern spatial shift estimation method. The conclusions are given in Section 4.
Proposed Method

A. Existing Intensity Ratio Methods
The intensity ratio methods proposed in [14, 18] are based on the projection of multiple triangular fringe patterns. As the fringe patterns are strips along the y direction, we only consider a cross section along x for simplicity, assuming that N fringe patterns are employed, which are denoted by I n x (n 1; 2; …; N).
I 1 x contains triangular fringes with period T (or pitch) and other patterns are formed by shifting I 1 x along x by an integer multiple of T∕N, that is, I n x I 1 x − nT∕N. A general expression for the intensity ratio using N triangular patterns can be derived as follows [18] :
where I V I max − I min , I max and I min are the maximum and minimum intensities for the projected triangular patterns, and I min can be considered as the background illumination. I h;i x is the ith highest intensity values among the N projected patterns at the location of x. As r 0 x has the period T∕N, the following can be used to produce a function that monotonically increases over every fringe period T [18] :
N is the odd number
where k is referred to as region number, by which each fringe period T is divided into 2N equally spaced segments. r s x is denoted as the intensity ratio for reference plane, and the same operations can be carried out to yield r d x based on the reflected fringe patterns from the object. In Fig. 1 , the intensity ratio calculation based on three-step triangular patterns by employing an existing approach [14, 18] is shown as an example. In Fig. 1(a) , three-step triangular patterns are projected, and by employing Eqs. (1) and (2), the intensity ratios r 0 x and r s x are shown in Figs. 1(b) and 1(c), respectively. The intensity ratio r 0 x contains I min and I V in Eq. (1), implying that r 0 x is influenced by the background illumination if an odd number of triangular patterns is employed. However, if even numbers of triangular patterns are projected, r 0 x is not influenced by the background illumination. Whatever odd or even numbers triangular patterns are used, r 0 x is influenced by the peak-to-valley intensity difference I V , which will not be a constant in practice due to some factors such as surface reflectivity.
B. Proposed Intensity Ratio
In order to reduce the influence of background illumination and surface reflectivity on the intensity ratio calculation, we propose a new definition for intensity ratio, which is point-to-point-based, implying that the intensity ratio calculation at each pixel does not suffer from the influence of the surrounding pixels. The proposed intensity ratio is also not sensitive to surface reflectivity and background illumination.
Let us use three-step triangular patterns as an example. The fringe patterns I 1 x, I 2 x, and I 3 x are still the same as that in Fig. 1(a) , which are projected onto the reference plane and object surface, respectively. The three image patterns can be described by the following:
Instead of using Eq. (1), we employ the following to yield r 0 x:
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Note that r 0 x calculated by Eq. (6) is still a triangular function with the period T∕3, and it has the same shape as that in Fig. 1(b) . However, r 0 x does not contain I max , I min or I V , implying that it is not influenced by the background illumination. The following operation is still used to obtain an intensity ratio function:
k 1; 2; 3; 4; 5; 6:
Obviously r s x is also saw-tooth-like, ranging from 0 to 6, and it also has the same shape as that shown in Fig. 1(c) . However, as mentioned above, r s x does not contain I max , I min , or I V , and thus is not influenced by the background illumination. The above can be extended to the case of arbitrary number of fringe patterns. When an even number of triangular patterns is projected, the intensity ratio is given by the following:
and
When N is an odd number, we have
Also note that r s x ranges from 0 to 2N over the full pattern pitch. The same operations can be carried out to yield r d x based on the reflected fringe patterns from the object. From Eqs. (9) and (11), we can see again that the intensity ratio r s x does not contain I max , I min or I V , and hence r s x is not influenced by the background illumination. Besides, in Eq. (8), r 0 x is calculated on a point-by-point basis, hence not suffering from the influence of the surrounding points.
C. Discussion on the Proposed Intensity Ratio
We have seen that the proposed intensity ratio in Eqs. (9) and (11) is advantageous by immunization from background illumination and the influence of the surrounding points. However, in practice there are many unwanted factors associated with the projection and capture of the image patterns. In this section, we will look into the influence of these factors on the performance of the proposed method.
The actual process in which an image is projected by a digital projector and captured by a digital camera can be described by Fig. 2 [17] . Assuming a fringe pattern I n x is fed into the projector, the actual pattern created will be a deformed version, described as follows:
where p· is a nonlinear function representing the actual response of the projector to the input. Let us utilize f x and b 1 x to denote the reflectivity of object surface, and the background illumination, the image pattern reflected from the surface is
The reflected patterns are then captured by the camera with a sensitivity of α, which is a constant if we assume the camera response to the light intensity is linear. The image pattern captured by the camera is as follows:
where b 2 x represents the background illumination directly entering the camera. Assuming α 1 and combining Eqs. (13) and (14) we have
where Rx f x and Bx f xb 1 x b 2 x. Considering Eq. (15), the intensity ratio r 0 x in Eq. (1) from N-step triangular patterns presented in [14, 18] can be expressed as
It is seen that Bx does not appear in Eq. (17), implying that the even number-step method does not suffer from background illumination. However, Rx appears in both Eqs. (16) and (17), implying that the intensity ratio method in [14, 18] is influenced by the surface reflectivity. Besides, calculation of the intensity ratio requires the peak-to-valley intensity difference I v . In practice, I v changes over different fringe period due to the influence of factors like surface reflectivity and noise, thus introducing errors to the intensity ratio. Now let us consider the intensity ratio method described in Eq. (8) and Eq. (10). Considering Eq. (15) and for even number-step implementation we have
For odd number-step implementation, we have 
Equations (18) and Eq. (19) do not contain Rx and Bx, implying that the intensity ratios do not suffer from background illumination as well as surface reflectivity. Moreover, the intensity ratio of a pixel is calculated only based on the intensities of the same pixel on different patterns and hence is not influenced by surrounding ones.
Experiment
Experiments have been performed to verify the performance of our proposed intensity ratio method. The triangular patterns are generated by a HITACHI CP-X260 projector with a resolution of 1024 × 768, and a Duncan Tech MS3100 3CCD camera with a resolution of 1392 × 1039 pixels is used to capture the images. The camera and projector are calibrated by means of a reference plane marked by colored grids with their position known a priori. In particular, the camera is calibrated using Bouguet's camera calibration toolbox, which is based on Zhang's calibration method [19] . With the camera calibration toolbox, calibration is achieved by capturing images of a printed checker-board with 15 15 mm grids laced at eight different positions. Similarly, the projector is calibrated using the same eight positions of calibration board as in the camera calibration process. The calibration procedure will yield the intrinsic and extrinsic parameters for both the camera and the projector, with which we can map the pixels in optical devices to real world coordinates to obtain the real actual height distribution. The system parameters H and d are calibrated as 1280.0 mm and 328.9 mm, respectively. The field of vision for CCD camera is 234.5 mm × 175.0 mm. Hence, the equivalent spatial resolution is 0.1684 mm/pixel. With the intensity ratio proposed in Section 2.B., we use the spatial shift approach to determine the height distribution of the surface as follows:
where d is the distance between camera and project and H is the distance of the camera to the reference plane. Note that Eq. (20) was originally proposed in [20] , where ux is the spatial shift between a pixel on the projected image pattern on the reference plane and its corresponding pixels on the object with the same intensity. It has been proved in [18] that Eq. (20) is also valid if ux is considered as the spatial shift between a pixel on r s x and its corresponding pixels on r d x.
The first experiment was implemented to determine the accuracy performance associated with the proposed method. First, a flat white board was positioned as the reference plane, yielding r s x. Then, the same board was moved 20 mm away from its position as the reference plane, and the reflected pattern is taken as r d x. The intensity ratio proposed in Eqs. (9) and (11) and Eq. (20) was utilized to calculate the height distribution. The same experiment was repeated using three-, four-, and five-step triangular patterns, each with different pitch values, including 30, 40, and 60 pixels, respectively. For comparison purposes, we also measure the same objects using the intensity ratio proposed in [18] . The measurement results were evaluated by root-meansquare (RMS) error and max error with respect to true height at 700 × 700 pixels in the middle of the measured board image. The results of the measurement are shown in Table 1 .
In order to compare the proposed method with existing approaches, we also applied the method in [18] to the same object, and the results are shown in Table 1 and Fig. 3 . Figure 3 shows the results for the cross section of the board at y 700, where the true height is 20 mm by using the proposed method and the method in [18] . From Table 1 and Fig. 3 , we can see that the proposed intensity ratio method is characterized by smaller measurement error than the method proposed in [18] with the same shifting steps and pitches.
The second experiment was conducted to verify the robustness to surface reflectivity of the proposed method. A plate board was used but its surface has different areas, including coated paper, ivory board, blotter paper, and regular A4 print paper, and so the surface reflectivity of the board is different in these areas. Then, the same experiment was repeated as the first experiment does. The results of the measurement are shown in Table 2 . From Table 2 , we can see that the proposed intensity ratio method is characterized by smaller measurement error than the method in [18] with the same shifting steps and pitches.
In the third experiment, the flat white board was also first positioned as the reference plane. Then, it was moved away from its original position on stepby-step basis with each step of 2 mm until it is 40 mm away. The proposed method and the method in [18] were employed to measure the height of the board for every step of the movement and the measurement accuracy performance is shown in Fig. 4 and Table 3 . The results show again that the proposed method is better than the method in [18] in terms of measurement accuracy. In the fourth experiment, a plaster face model was used as the target. We used the proposed method with four-step triangular-patterns and with pitch 30 to reconstruct the shape of the model, and the results are depicted in Fig. 5 . It is shown that complex objects can be reconstructed by the proposed intensity ratio method.
It should be pointed out that there are a number of issues impacting on the performance of the above proposed method. For example, the experimental setup must be precisely calibrated where the distances among the projector, camera, and reference plane are determined through the calibration process. Besides, the projection being out of focus may also influence the performance, although it may help to yield a better sinusoidal pattern [21] . This is because being out of focus changes fringe shapes, making them nontriangular. The performance of proposed method is also limited by other factors common to the intensity ratio based traditional triangular patterns methods, such as quantization error and intensity noises.
Conclusion
This paper has presented an intensity ratio formulation for 3D profile measurement based on the projection of multiple triangular patterns. Compared to the method in the approach [18] , the proposed one is not influenced by the surface reflectivity and ambient light. Moreover, the proposed intensity ratio is Proposed Method Method in [18] Fig. 4 . Measurement accuracy comparison between proposed three-step intensity ratio method and method in [18] by measuring different height of flat board using a pitch of 40 pixels. (a) RMS comparison between proposed method and method in [18] . (b) Max error comparison between proposed method and method in [18] . point-by-point-based and thus does not suffer from the influence of surrounding points. Experimental results are also presented, showing that measurement error can be significantly reduced by the proposed method in contrast to the existing approach in [18] .
